1. The Isometric Circle.-In the present note we introduce the simple concept of the isometric circle of a linear transformation and state, largely without proofs, certain results of researches on the application of the concept to the theory of properly discontinuous groups of linear transformations.2 The isometric circle brings to the foundations of the theory much of definiteness and simplicity. It is, furthermore, a tool of considerable utility in the study of group problems of various kinds.
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Given a linear transformation = T(z) =a + b ad-bc = -1, c 0o.
(1) cz +d Then dz'= dz (2) 
The complete locus of points in the neighborhood of which -lengths and areas are unaltered in magnitude by the transformation; that is, for which Idz'I = Idz|, is the circle Icz + dl = 1, or z+ = .
(3) This circle will be called the isometric circle of the transformation T. It has the center -d/c and the radius 1/|c|. Among the properties of the isometric circle are the following:
(a,) Lengths and areas within the isometric circle are increased in magnitude, those without the isometric circle are decreased in magnitude, when transformed by T;
(b1) T carries the isometric circle (3) (a2) The centers of the isometric circles 1i lie in a finite region (this follows from the fact that the centers, -d,/ci, are congruent to oo);
(b2) The centers of Ii are distinct;
(c2) The radii of Ii are bounded; (d2) The number of isometric circles with radii exceeding any given positive quantity is finite.
If the group contains an infinite number of transformations the centers of Ii have one or more cluster (limit) points. Such a cluster point is called a limit point of the group. A point of the plane which is not a limit point is called an ordinary point. The transforms of a limit point are limit points; the transforms of an ordinary point are ordinary points. The following theorems can be proved:
(e2) In the neighborhood of a limit point P there is an infinite number of distinct points congruent to any given point of the plane, with at most the exception of P itself and of one other point;
(f2) If the set of limit points consists of more than two points it is a perfect set;
(g2) If a closed set of points X, consisting of more than one point, is transformed into itself by all the transformations of the group, then 2 contains all limit points of the group. 3. The Region R.-Let the isometric circles of all the transformations of the group be constructed; and let R be the region exterior to all the circles. More accurately, a point z will belong to R if a circle can be drawn about z sufficiently small that it contains on its interior no point interior to an isometric circle. The region thus defined consists entirely of interior points. It contains the neighborhood of co. It may be a connected region or it may consist of two or more (possibly an infinite number) of disconnected parts. Concerming this region we have proved the following theorems:
(a3) R and the regions congruent to R form a set of regions which extend into the neighborhood of every point of the plane.
(b3) R constitutes a fundamental region for the group. By this is meant that no two points of R are congruent and that any region adjacent to R contains points congruent to points of R. That no two points of R are congruent follows from (cl); for the transform of a point of R is within an isometric circle, and hence is outside R. That an adjacent region contains points congruent to points of R follows from (a3).
(c3) Any closed region not containing limit points of the group is covered by a finite number of transforms of R. These regions fit together without lacunae.
(d3) Within any region enclosing a limit point of the group there lies an infinite number of transforms of the entire region R.
The preceding theorems furuish a picture of the transforms of R. R VOiL. 13, 1927 and the regions congruent to it fit together to fill up all that part of the plane which consists of ordinary points. They cluster in infinite number about the limit points.
4. The Boundary of R.-In the most general case a boundary point P belongs necessarily to one of the following three categories:
(a) P is a limit point of the group; (a) P is an ordinary point and lies on a single isometric circle; (-y) P is an ordinary point and lies on two or more isometric circles. P is then called a vertex.
[It is desirable to include under (-y) the following special case. If P is a fixed point of an elliptic transformation of period two; so that, although P lies on a single isometric circle, it separates two congruent arcs on the circle, we shall classify P under (-y) rather than (().] It can be shown that there exist groups such that all the boundary points are of category (a).
Concerning the boundary points of category (() we can prove the following theorem:
(a4) The boundary points of category (,B) form a set of bounding circular arcs, or sides, which are congruent in pairs. Two such congruent sides are equal in length.
The number of sides may be finite or infinite. A side ends in a vertex or in a limit point or consists of a whole isomet.ric circle. The fact that congruent sides are equal in length is a consequence of the fact that the sides are arcs of isometric circles.
A boundary point of category (-y) may be congruent to other boundary points of the same category or it may not. A set of congruent vertices is called a cycle. The cycle may consist of one vertex or of several, but in any case the number is finite. Through each vertex of the cycle pass the same number of isometric circles. The number of vertices in the cycle cannot exceed the number of isometric circles passing through each vertex.
The sides of R which meet at a vertex make an angle which we call the angle at the vertex. We have the result:
(b4) The sum of the angles at the vertices of a cycle is 2r/k, where k is an integer. If k > 1, each vertex of the cycle is a fixed point of an elliptic transformation of period k. Let 11, 1W'; 12, 12'; .... be the pairs of congruent sides; and let Si be the transformation of the group carrying 4i into li'. In many cases all transformations of the group are got by combining S1, S2,.. That is, these transformations generate the group. The facts in the general case are covered by the following theorem:
(a5) If every ordinary point of the plane can be joined to some point of R by a curve which does not pass through a limit point, then the trans-formations Si, S2, .... constitute a set of generating transformations for the group; otherwise they do not.
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2 Certain results of this note in the special case of Fuchsian groups have been published. L. R. Ford, "The Fundamental Region for a Fuchsian Group," Bull. Amer. Math. Soc., 31, 531-539 (1925 Communicated March 15, 1927 In this note we discuss groups formed by combining a finite or infinite number of known groups. By suitable combinations we can set up a great variety of Kleinian groups. Our present knowledge of Kleinian groups is not extensive. These groups in all their generality present a complexity and a richness which are largely unfathomed. By the method here described we can form broad classes of groups which bring out certain of the intricate possibilities.
In a previous note we gave a method of constructing a fundamental region for a group.2 The fundamental region consists of all those points z such that in the neighborhood of z there are no points interior to an isometric circle of a transformation of the group. We consider a set of grotps ri, r2, .... finite or infinite in number, such that the isometric circles of the transformations of each group are exterior to (external tangency will be permitted) the isometric circles of the transformations of all the other groups.
Let the transformations of rF, r2,. be combined in all possible ways to form a group r. We have two kinds of transformations: (1) Those belonging to the original groups; and (2) cross products resulting from the combination of transformations not all belonging to the same original group. Our major result is the following:
THZORZM.-The isometric circle of each cross product lies within the isometric circle of some transformation belonging to one of the original groups. It follows from this theorem that in the formation of the fundamental region for r we can disregard the isometric circles of all cross products. The fundamental region R for r consists of all points common to the fundamental regions R1, R2,. of ri, r2, ...., exclusive of those common points (if any) which have an infinite number of boundary points of R1, R2. ...., in their neighborhoods. ' 289 VOL. 13, 1927 
